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Designing curved surfaces 
with analytical functions 
D J de G root 
Shaping and computer-interactive design of curved surfaces 
of industrial objects, where artistic freedom is allowed for 
the outward appearance, is a time-consuming job particu- 
larly when feeding the computer program with the neces- 
sary geometrical input data. A design method is presented 
together with practical results of designed surfaces com- 
posed of simple analytical functions. Human input of 
geometrical nd artistic data has been minimized. Smooth- 
ness and fairness are created by the surface composing 
functions. 
SURFACE DEFINITION 
Figure 1 shows a surface, developed by a continuous curve 
fl (x, y, z) in a plane PL(x) perpendicular to the x-axis. 
Function fl(x, y, z) has two points P2 and P3 in common 
with the continuous curves f2(x, y, z) and f3(x, y, z). 
When plane PL(x) which is always perpendicular to the 
x-axis, moves with varying x, the shape of curve fl (x, y, z) 
changes according to alternating positions of P2 and P3 
and by a functional relation with x in one or more para- 
meters of f2(x, y, z). 
Deliberately, some simplifications are introduced to 
make the surface concept more practical and because most 
technica~ shapes are symmetrical. In this work curve 
f2(x, y, z) lies in the x-z plane and is called ZK = f2(x). 
To get a clear definition, curve f3(x, y, z) forms the inter- 
section of two curved planes. One of these is perpendicu- 
lar to the x-z plane and defined by the curve ZZ = f4(x) 
the other is perpendicular to the x-y plane and defined by 
YD = f5(x). For many applications, curve f3(x, y, z) may 
be defined as the curve of maximum width, which places 
constraints on fl(x, y, z), specifically its symmetry-axis 
intersects f3(x, y, z) and is perpendicular to they-z plane. 
Also for many shapes, the curve fl(x, y, z) for x = 0, is the 
curve of maximum cross-section. 
USE OF SIMPLE FUNCTIONS 
This article demonstrates the thesis that simple functions, 
such as any conic and sinusoid are always smooth and fair. 
This thesis can even be extended to pseudo-conics or pseudo- 
sinusoids just by changing the degree of the function. A 
normal ellipse for instance, being a conic of 2nd degree 
may be generalized to a pseudo-ellipse (or a Lam~ oval) by 
replacing the power of exponent 2 with any positive real n, 
for instance: 
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Likewise, a sin curve can be transformed into a pseudo 
sine curve can be transformed into a pseudo 
y = (sin(x)) n 
This nth power for simple curves gives us a powerful 
tool for changing shapes. Curve fl (x, y, z) in plane PL(x) 
which changes with x, changes its shape according to a 
function of x, only by making the n in (fl(X, Y, z)) n a 
function of x. 
VARIOUS MATHEMATICAL FORMULATIONS 
For easy programming, all functions involved have to be 
made explicit, while they are divided into a dimensionless 
part and a dimensional part. See for instance Figure 2 and 
equation 1 : 
YS~k = Y.__Di. (fl (x, y, z)) Ni. 
The dimensional part is underlined. 
/ ~ ,' fz ( x,y,z ) 
f , ( x.,,z ) / 
Figure I. Surface developed by continuous curw f(x, y, z) 
Figure 2. Surface and notation used for programming 
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The x-axis is defined as the first running co-ordinate 
with x as the first independent variable and the integer i 
as the related incremental step number. This means 
x -- i SX with SX as separation distance on the x-axis, from 
0 to L, see Figure 2. 
The vertical z-axis is defined as the second running co- 
ordinate with z as the second independent variable and the 
integer k as the incremental step number. This means 
z =k .  SZ with SZ as separation distance on the z-axis, from 
OtoH. 
The function f l(x, Y, z) is now to be defined as the 
explicit function y = fl (x, z) with y as the dependent 
variable. By introducing the incremental step numbers i 
and k, y = f l(x, y, z) can be written as a two-dimensional 
array YS/; k . 
Curve f2(x, y, z) has been made explicit asz = f2(x, y = 0) 
or written as a one-dimensional array ZKi. Likewise curve 
f3(x, y, z) being the intersection of the two curved planes, 
is made up of ZZi and YDi. 
The curved surface is almost complete. Shaping and 
lofting can be clone now by the power-function n = f6(x) 
written asaone-dimensionalarrayN i. Figure 2 shows one 
cross-section curve at an arbitrarily chosen x = i. SX. The 
cross-section curve YS~;# shows a point at an arbitrarily 
chosen z = k.  SZ. A general expression for YS~;# can be 
derived, taking into consideration a horizontal axis of 
symmetry and a vertical tangent for the line of maximum 
width. 
YSI;# = YDi .  (fl (V~;#))Ni (1) 
In formula 1 the expression f l  (V4k) is a generalized and 
dimensionless expression derived from the various func- 
tions used for the surface, with values between zero and 1 
k . SZ - ZZi 
V,;# - (2) 
ZK i -  ZZ i 
or 
k. SZ 
- (3 )  V~k H-  G 
depending on the kind of distribution on each cross-section. 
In other words equation 2 is used with cross-section lines 
parallel to they-z plane. Equation 3 is used for cross-sec- 
tion lines parallel to they-z plane when an equal amount of 
points is used, independent of the length of a cross-section 
segment. 
The nth power in (f l(x, y, z)) n is a function of x. 
n = f6(x) may have a similar kind of simplicity as the various 
curves mentioned. It will now be proved that f6(x) must 
have a zero-differential to x = O, in order to create a smooth 
matching with surfaces from adjacent quadrants. Consider 
the first two sections, but now writing the curved surface 
as one equation: 
Y = fs(x) • (fl (Z, f2(x), f4(X)) f6(x) (4) 
The differential o fy  with respect to x ,y '  can be expressed 
as equation 5, written in FORTRAN-style: 
y' = f'5. (.. .) + fS. ((f] ( . . . ) ) . .  f6. ( r ' l .  f6/ f l  + 
f'6 . In(f1(. . . ))))  (5) 
If for all the values of z, the value o1: y' has to be zero 
(when x = O) the following conditions are necessary: 
f'5 = 0 this is implied in the first section; 
f ' l  = 0 this is true if f'3 and f'4 are zero for x :- O. 
Now it is proved that f'6 has to be zero too, because 
In(f]( . . . ) )  is not zero for all the values ofz. 
The shape of f6(. • .) is restricted at x = 0. However, 
for a certain value o fx  = x],  somewhere between 0 and L, 
the power could be 1 if so wished, but never negative[ If 
x~ is L/2 and n ) 0 for x = L, the shape of the power- 
function is again restricted by having a bending or turning 
point. Also fo rx  =L the derivative f'6(x) has to be zero 
under certain circumstances. 
Finally, the only reasonable f6(x) written as an array- 
equation appears to be: 
N i=NL+(NB-NL) ,  cos i .~- .  (6) 
The heart of the interactive design method as described in 
this article is formed by the three exponents. NL (at x = L), 
NB (at x = 0 or at maximum width) and the exponent NN 
of the power-function. NN in equation 6 allows one to 
move a certain exponent (for instance N = I or N = 2) for- 
ward or backward on the x-axis. 
There are situations in which NN is not too important, 
for instance when NL and NB are close together. In this 
case the following simpler equation is used: 
i ( , x )  
N i=NL+- . (NB-NL) .cos  i . - - .T :  (7) 
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SOME EXAMPLES OF CURVES FOR THE 
DESIGNER 
A review of some useful curves, computed from functions 
will be given. With these curves, the designer is able to 
construct his favourite shape, which may be a ship, part 
of an auto-body or relief tile for wall decoration. All 
equations are written in such a way, that when the expo- 
nent N is greater than I, we have a 'swollen' or 'inflated' 
curve. Likewise when N is smaller than I ,  we have a 
'meagre' or 'deflated' curve. This is done purposely for 
the designer, because of the association of 'big number' 
with 'swollen curve' and similarly for meagre. Mathe- 
matically this is done by inverting the exponent where 
necessary. The functions are generalized with the formal 
parameters FUNC and Q. 
Tangential curves 
4 
FUNC = I - - (tan -]( IQI))  N (8) 
See Figure 3. The various number-indices, written by each 
curve, shows the degree N of the functions represented by 
equation 8. 
4 
FUNC : - ( tan- l ( t l  - Q])) 1IN (9) 
/T 
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Figure 3. Plot o f  FUNC = I - 4/ lr(tan-1(lQI ))N for  Various 
values of  N 
See Figure 4. Number indices with each curve give the 
value N of the functions represented by equation 9. 
Tangential curves, represented by equations 8 and 9, 
have distinguished and delicate shapes. They are rather 
insensitive to N, but able to create flat sides, and equipped 
for all exponents with slight, visible bending points, which 
are less pronounced than with sine curves and therefore 
ideally suited for ships timber lines. 
Ellip¢ical curves 
Figure 5 shows the curves of equation I 0, with several 
values of N, written as numbered indices along each curve. 
This function, besides having orthogonal tangents on both 
axes, is noteworthy for its sensitivity to N. With values of 
N over 8, the curve is almost a square. Therefore it is ideal 
in applications for flat sides or box-like structures. 
FUNC = (1 - iQ IN)  1IN (10) 
Sine curves 
(_:.o)) 
Figure 6 shows these functions with the value N written 
as numbered indices along each curve. With N greater than, 
say 3, we have curves just like ellipses (both axis with 
orthogonal tangents) but less sensitive to N. For N smaller 
than 1, we have probably the most beautiful curve of the 
whole set, because of the rather pronounced bending point, 
creating a kind of swan-neck, while values of FUNC ap- 
proaching 0, are very sensitive to N. 
Shapes extending over several space octants 
Only the positive space octant has been considered. The 
other seven octants are created by choosing a combination 
of signs for values along the three co-ordinate axis. By 
FUNC 
I 6 
Figure 4. Plot o f  FUNC = 4/Tr(tan- l ( i l  - Ol))  1IN for 
various values o f  N 
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Figure 5. Plot of  FUNC = (1 - IQI N) 1/N for various values 
of  N 
feeding the program with the appropriate signs for the 
various values along the three axis, separate displays for 
every octant, are obtained. These separate displays can be 
assembled, by feeding a drawing machine with the various 
required tapes on one piece of drawing paper. 
Depending on the design, one must take care of the 
tangents from an octant to its first neighbour, see Figure 7. 
The reflection-feature of our program can be used in some 
cases to eliminate the necessity of combining as explained 
above. 
The curve-equation is used to reflect the curves over one 
of their axis to create a mirror image in a neighbouring 
octant, giving, for some applications, a simple surface 
design. An interesting by-product of the ZZi line of Figure 
2 is the continuation in other octants in combination with 
carefully chosen ZZi line dimensions. In this case also, the 
two methods of continuation are applicable. Figure 8 
gives, with the reflecting curve method, one demonstration 
out of the infinite possibilities. 
FUNC 
Figure 6. Plot of  FUNC = (cos(n/2. Q)l//v for various 
values of  N 
EXAMPLES OF SURFACE DESIGNS 
The method described here was initially proposed to master 
with a minimum of input-data, a surface with maximum 
of flexibility and aesthetic smoothness. Therefore, hydro- 
or aerodynamic laws and theories are not initially consid- 
ered. Instead of prior calculation and testing a multi- 
splined shape one may instead analyze the physical proper- 
ties of a given surface like the one of Figure t 1. Improve- 
ments of these properties may be initiated by changing 
parameters like NN. 
The simplicity of our shape equations is not solely for 
the benefit of drawing equipment and CPU time (mostly 
not exceeding a few seconds for the figures shown), but 
is applicable to any computerized cutting device. 
Figure 7 shows a wing- or panel-like structure which 
demonstrates the method of combining four adjacent 
octants. Figures 9 and 10 display two methods of accen- 
tuating shapes. Figure 9 has all calculated points connect- 
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Figure 9. Accentuated shape by showing the line of  the 
planes parallel to z-y plane (timber-sections) 
Figure 7. A shape drawn over four octants 
Figure 8. Reflection feature used to continue shape int~ 
next octant 
Figure 10. Accentuated shape by showing the line of  the 
planes parallel to x-y plane (water-line) 
ed by a line while Figure ] 0 use the so called 'water-lines' or 
sections parallel to the x-y plane. Figure 11 shows a ship- 
like shape with water-lines and timber-sections. An oblique 
view in true perspective of the same model is shown. 
Figure 12 shows a box-like structure based on a 3 - 4 - 5 
triangle. Figure 13 is a structure that could be used as a 
roof-panel for a car. As in Figures 9 and 10, two methods 
of displaying are demonstrated. 
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Figure I 1. Ship-like shape 
] 
Figure 13. Roof-panel structure 
Figure 12. Box-like structure 
The shapes in this article are shown in true (or central) 
perspective. When visible, the horizon is accentuated. In
our program, aprojection-procedure is developed with the 
possibility of changing the position of the observing eye. 
This procedure transforms the three-space o-ordinates 
into the two-dimensional drawing co-ordinates. 
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